MATRIX DIAGONALISATION

A EIGENVALUES AND EIGENVECTORS
A.1 CALCULATING EIGENVALUES

Ex 1: Find the eigenvalues of the matrix A = <% ;)

Answer: We solve the characteristic equation det(A — AI) = 0:

2—A 1
det< 1 2_)\>O
2-N2-2)-1)1)=0

(4—4X+ X)) -1=0
M -4 +3=0

We solve the quadratic equation using the discriminant A =
b? —4ac witha =1,b= —4, and c = 3:

A=(—4)?—41)3)=16-12=4

Since A > 0, there are two distinct real roots:

_ —bEVA  4EV4 4E2
2«2 2

4+2 4—2
AlzT:3 and )\2:?:1

So, the eigenvalues are A\; = 3 and Ay = 1.

A

Ex 2: Find the eigenvalues of the matrix B = <;1 g)

Answer: We solve the characteristic equation det(B — AI) = 0:

4—- ) 3
det ( 9 5_ A) =0
A=26G-2)-@)2)=0
(20— 9N+ 2?) —6=0
AN —9A+14=0
We solve using the discriminant A with ¢ = 1, b = —9, and

c=14:
A= (—9)% —4(1)(14) = 81 — 56 = 25

The roots are:

—(—9)i\/%:9i5

A= 2(1) 2

945 14 9-5 4
/\1 B 5 7 an )\2 B) D)

So, the eigenvalues are Ay =7 and Ay = 2.

Ex 3: Find the eigenvalues of the matrix C = (;) ;)

Answer: We solve the characteristic equation det(C — AI) = 0:

1-A 2
det< 3 2_)\>—0
(I=X2-X)-2)3)=0

(2-A=2\+X)—-6=0
AN —3\—4=0

We solve using the discriminant A with ¢ = 1, b = -3, and
c=—4:
A= (-3)*—4(1)(-4) =9+ 16 = 25

Since A > 0, there are two distinct real roots:

—(—3)1\/%:315

)\ =
2(1) 2
3+5 3-5
/\1:T:4 and )\QZT:_].
So, the eigenvalues are A\; =4 and Ay = —1.

Ex 4: Find the eigenvalues of the matrix D = (_31 _22>

Answer: We solve the characteristic equation det(D — AI) = 0:

33—\ =2
det ( 1 9 A) =0
B-=N2-2)—-(=2)(-1)=0
(6—3XA—2\+A*)—-2=0
M -5 +4=0
We solve using the discriminant A with ¢ = 1, b = —5, and

c=4:
A= (-5)%—-4(1)(4)=25-16=9

The roots are:

\ —(-5)£v9  5+3
N 2(1) 2
543 5—-3
/\1=T:4 and )\QZTzl
So, the eigenvalues are Ay =4 and Ao = 1.

Ex 5: Find the eigenvalues of the triangular matrix E =

b %)

Answer: We solve the characteristic equation det(E — AI) = 0:

5—\ 2
det( 0 _3_)\>0
(B=A)(=3-2)—=(2)(0)=0
BG-XN)(-3-X)-0=0
B-=XN(=-3=-X)=0

Since the equation is already in factored form, we can read the
roots directly without calculating the discriminant:

5—A=0= A=5

—3-A=0 = A=-3

So, the eigenvalues are Ay = 5 and Ay = —3.
Note: For a triangular matriz, the eigenvalues are the diagonal
elements.

A.2 FINDING AN
EIGENVECTOR

EIGENVALUE FROM AN

11

Ex 6: Consider the matrix A = (4 1

(5)

) and the vector x =



1. Calculate the product Ax.

2. Hence, determine the eigenvalue M\ associated with the
eigenvector x.

Answer:

1. We calculate the matrix multiplication:
1 1)\ /1
= (i1) ()
_ 1(1) + 1(2)
4(1) + 1(2)
(3
~\6
2. We look for a scalar A\ such that Ax = Ax.
3 1
(6) ()
1 1
(2) =)
Therefore, the eigenvalue is A = 3.

3

Ex 7: Consider the matrix B =

o (1)

1. Calculate the product Bu.

-1
1 3 ) and the vector

2. Hence, determine the eigenvalue A\ associated with the
eigenvector u.

Answer:
1. We calculate the matrix multiplication:
3 -1\ /1
v (5 5) ()

_ (3(1) + (—1)(1)>
(=D(1) +3(1)

(2
T \2
2. We look for a scalar A such that Bu = \u.
2 1
() =)
1 1
(1) =2 ()
Therefore, the eigenvalue is A = 2.

Ex 8: Consider the matrix C = <§ :;
1
ok

1. Calculate the product Cv.

> and the vector v =

2. Hence, determine the eigenvalue M\ associated with the
eigenvector v.

Answer:
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1. We calculate the matrix multiplication:

o= (3 =) ()
(2
301) + (-2)(3

(-1
“\-3
2. We look for a scalar A such that Cv = Av.
-1 1
(53)=2()
1 1
1(3) =2 ()
Therefore, the eigenvalue is A = —1.

A.3 CALCULATING EIGENVECTORS

(> o)

One of the eigenvalues of this matrix is A = 4.

Ex 9: Consider the matrix A =

Find the eigenvector x = (;j) corresponding to this eigenvalue.

Answer: Find an eigenvector for \ = 4:

(286 )=
2" o) (0)= (0
)=
)=

Letting y = t, we have z = 2t, so

() (). o

, t # 0, is an eigenvector

(> 3)

One of the eigenvalues of this matrix is A = 5.

2
1
corresponding to the eigenvalue 4.

Any vector of the form ¢t

Ex 10: Consider the matrix B =

Find the eigenvector x = (5) corresponding to this eigenvalue.

Answer: Find an eigenvector for \ = 5:

(G 3)-561)6)=(
(%755 ()=
)=
)=
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This gives —z +y =0 and 2z —2y =0, s0o y = x.
Letting x = t, we have y = t, so

=()-()-10) o

Any vector of the form ¢t 1
corresponding to the eigenvalue 5.

2 2
One of the eigenvalues of this matrix is A = 3.

Ex 11: Consider the matrix C = X _1>.

Find the eigenvector x = (;) corresponding to this eigenvalue.

Answer: Find an eigenvector for \ = 3:

(=) =606

Y
ot
o |
w
)
P
—
o
Nall”
TN
< 8
NN 2,
I
AN TN N/ ©
OO OO OO O o
N2l 2N AN~

This gives 2z —y = 0, so y = 2.
Letting z = ¢, we have y = 2¢, so

() 6)() oo

Any vector of the form t(;), t # 0, is an eigenvector

corresponding to the eigenvalue 3.

A.4 FINDING EIGENVALUES AND EIGENVECTORS

8 =5

1. Find the eigenvalues A1 and Ay of matrix A.

Ex 12: Consider the matrix A = (7 _4).

2. Find the corresponding eigenvectors x; and xs.

Answer:

1. Find Eigenvalues:
We solve the characteristic equation det(A — A\I) = 0:

7T—-\ 4
det( 8 _5_/\>—0
(T=X(=5—=2) = (-4)(8) =0
(=35 —TA+ 5N+ A?) +32=0
M2 -3=0

We solve the quadratic equation using the discriminant A =
b? — 4ac witha =1, b= —2, and ¢ = —3:

A=(-22—41)(-3)=4+12=16
Since A > 0, there are two distinct real roots:

7(72)ﬁ:\/ﬁz2ﬁ:4

)\ =
2(1) 2
2+4 2—-4
)\1:?:3 and )\QZT:_].
So, the eigenvalues are A\; = 3 and Ay = —1.
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, t # 0, is an eigenvector

2. Find Eigenvectors:

e For A\ =3:

((F =) =626

This gives 4x — 4y = 0, so y = .
Letting x = ¢, we have y = ¢, so

we ()1 ().

e For \, = —1:

(E )6 )6

This gives 8 — 4y = 0, or 2z = y.
Letting x = t, we have y = 2t, so

wn (L) =(2) eso

1 4

Ex 13: Consider the matrix B = (4 1).

1. Find the eigenvalues of matrix B.

2. Find the corresponding eigenvectors.

Answer:

1. Find Eigenvalues:

We solve the characteristic equation det(B — AI) = 0:

4—X 1
det( 1 4)\>:0
A=NE-N-D)1)=0
(16 —8A+A?) —1=0
AN —8\+15=0

We solve the quadratic equation using the discriminant A =
b2 — 4ac with a =1, b= —8, and ¢ = 15:

A= (—8)2 —4(1)(15) = 64 — 60 = 4
Since A > 0, there are two distinct real roots:
N —(-8) £V4 _ 842
2(1) 2
2 -2
PO S T W k.

2 2
So, the eigenvalues are A\; = 5 and Ay = 3.

3
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2. Find Eigenvectors: 2. Find Eigenvectors:

e For A\ =5: e For )\ = 4:

X 0 x 0
((3)=269) G) =) 236 D) 6) -6
1 4 0 1 Yy 0 2 2 0 1 y 0
4—5 1 x o 0 1 -1 T 0
) l) =l e 2)()-0)
() 6) -6 )= (6
1 -1)\y 0 <2x—2y>:(0>
—r+y\ (0
r—y ) \0 This givesz —y =0,s0 x = y.
Letting x = t, we have y = t, so
This gives —z+y=0and z —y =0,s0 y = z.
Letti =1 h =1 t 1
etting x , we have y = ¢, so X1:<t>:t(1>’ ££0.
s (=), eno
t e For )\ = 3:

e For )\, = 3:

x=0
(6660
41y (1 0Y) (@) _ (0 2 2 0 1) \y) \0
1 4 0 1 y) —\0 (2 1)(:1;):(0)
4-3 1\ [(z\_ (0 2 1)\ \0
1 4-3)\y) \oO <2x—y>:(0>
1) ()= S
L1\ 0 This gives 2z —y = 0, so y = 2.
r+y) _ (0 Letting x = ¢, we have y = 2t, so
z+y 0
t 1
This gives t +y =0, so y = —x. X2 =\ ot =t 9> t#0.
Letting x = t, we have y = —t, so
—(')=¢(1), t+0
2= \) T\ ) 7 0. B MATRIX DIAGONALISATION
Ex 14: Consider the matrix C — (; 21>. B.1 VERIFYING MATRIX DIAGONALISATION
1. Find the eigenvalues of matrix C. Ex 15: The matrix 7 4
A =
2. Find the corresponding eigenvectors. (8 _5)
has eigenvalues A\; = 3 and A2 = —1 with corresponding
Answer: eigenvectors
1. Find Eigenvalues: X| = (1) and xg = (;) .
We solve the characteristic equation det(C — AI) = 0:
5 ) Show that P = (x; | x2) diagonalises A.
det< 2 2 — /\) =0 Answer: To show that P diagonalises A, we must show that
—1 . . .
(5 o )\)(2 o )\) o (71)(2) =0 P AP is a dlagonal matrix.
(10 =5XA =22+ A?) +2=0 1. Form the matrix P:
2 _
We solve the quadratic equation. The discriminant is A = 1 2
(=7)2 —4(1)(12) =49 — 48 = 1.
2. Find the inverse P~ !:
\ (-7 £Vl T+1
R det(P) = (1)(2) - (1)(1) = 1,
8 6
AM===4 and N =-=3 SO
2 2 p-r_lf(2 -1\_(2 -1
So, the eigenvalues are Ay =4 and Ay = 3. “qi\=1 1) \=1 1)/
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3. Calculate P~1AP:

P AP

(_21
(21
(—63_+33

- (g _01) .

The result is the diagonal matrix

OG0
46 %)

—2+2
1-2

which contains the eigenvalues on the diagonal.

diagonalises A.
31
2= o)

4 and /\2

Ex 16: The matrix

has eigenvalues A;

eigenvectors
1 1
X] = (1> and x9 = (2) .

Show that P = (x; | x2) diagonalises A.

Answer: To show that P diagonalises A, we must show that

P~'AP is a diagonal matrix.

1. Form the matrix P:

2. Find the inverse P~ 1:

det(P) = (1)(=2) — (1)(1)

1 (-2 -1
3\-1 1

3. Calculate P~1AP:

SO
Pl=

prar= (1 4) (5 2) (D)
0L
(5 9

The result is the diagonal matrix

4 0
o= (5 1),
which contains the eigenvalues on the diagonal.
diagonalises A.

Ex 17: The matrix

vvvvw.commeunjeu.com

Thus, P

1 with corresponding

2 and Ao 1 with corresponding

has eigenvalues \;

eigenvectors
(2 d (1
x1= | and  xz2 = (|-

Show that P = (x; | x2) diagonalises A.

Answer: To show that P diagonalises A, we must show that
P~ !AP is a diagonal matrix.

1. Form the matrix P:

2. Find the inverse P~ !:
det(P) = (2)(1) — (1)(1)

SO

2 0
o= (5 1)

on the diagonal. Thus, P

which contains the eigenvalues
diagonalises A.

B.2 PERFORMING FULL MATRIX DIAGONALISATION

Ex 18: Consider the matrix A = (;1 31).

Find the diagonal matrix D, the matrix P and its inverse P!
such that A = PDP 1.

Answer:

1. Find Eigenvalues:
We solve the characteristic equation det(A — AI) = 0:

4— X 3
det( 9 _1_)\):0

(A=N(-1-X)-03)(2)=0
(—4—4A+ A+ X)) -6=0
AN —3\-10=0
A=5(\A+2)=0

The eigenvalues are Ay = 5 and Ay = —2.
2. Find Eigenvectors:

e For \; = 5:

Thus, P
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This gives —z + 3y = 0, which simplifies to = = 3y.
Letting y = t, we get x = 3t.

()1

We choose t = 1 to get x1 = (i’)

e For \, = —2:

This gives 2z + y = 0, which simplifies to y = —2z.
Letting x = t, we get y = —2t.

t 1
x (_%) —t(_2>, -y
1
We choose t = 1 to get xo = 9
3. Construct Matrices:

5 0 3 1
D_(O 2) and P—<1 2)

Find P~ ':
det(P) = (3)(=2) — (1)(1) = =7

1 /(-2 -1 1/2 1
-1 _ _ -
-5 (0 )0 )

Ex 19: Consider the matrix B = (g 160)'

Find the diagonal matrix D, the matrix P and its inverse P!

such that B = PDP~L.

Answer:

1. Find Eigenvalues:
We solve the characteristic equation det(B — AI) = 0:

det (95A _61_0A> 0
(9=XN)(=6—-X)—(-10)(5) =0
(=54 — 9N+ 6A+ A1) +50=0
A —3XA-4=0
A=4A+1)=0
The eigenvalues are Ay =4 and Ay = —1.
2. Find Eigenvectors:
e For )\ = 4:
(B—-4D)x=0

G0 G)-0)

This gives 5z — 10y = 0, which simplifies to x = 2y.

Letting y = ¢, we get x = 2t.

()] oo

We choose t =1 to get x; = <?)
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e For \y = —1:
B-(-1)I)x=0
10 —10\ [=z\ (0O
5 —-5)\y/ \o
This gives bx — by = 0, which simplifies to =z = y.
Letting y = ¢, we get x = t.

~()-()

We choose t =1 to get xo = G)

3. Construct Matrices:

Ex 20: Consider the matrix C = <§ _22>

Find the diagonal matrix D, the matrix P and its inverse P!
such that C = PDP~L.

Answer:

1. Find Eigenvalues:
We solve the characteristic equation det(C — AI) = 0:

3—X 2
det( 3 _2_)\):()

B=M(=2-2)-2)3)=0
(=6 =3\ +2X\+2?) —6=0
M -A-12=0
A—4)(A+3)=0

The eigenvalues are A\ = 4 and Ao = —3.
2. Find Eigenvectors:
e For A\ =4:

5 2)0-0
3900

This gives —x + 2y = 0, which simplifies to x = 2y.
Letting y = t, we get x = 2t.

()1 e

We choose t =1 to get x; = <?)


www.commeunjeu.com

e For \y = —3:

(%3 (22+3>3<DX
) ()

)
)

oo OO

(
<

This gives 3z + y = 0, which simplifies to y = —3z.

Letting x = t, we get y = —3t.

(81

We choose t =1 to get xo = (_13>

3. Construct Matrices:
4 0 2 1
D= (O 3) and P = (1 3>

= 2)(-3) - (1) = -7
()0 )

C MATRIX POWERS

C.1 CALCULATING MATRIX POWERS USING

DIAGONALISATION

Ex 21: The matrix

diagonalises

Calculate the matrix A?.

Answer:

() ) (5 )

)(801 106>

) aie) (4
ﬁé%( )

(i
-
(i
(
(563
~

_ ) +16(—1) 81(—1) 4 16(1 ))
) +32(— ) 81(—1) +32(1)
162 - 16 —81+ 16
162—32 —81+ 32)

(146 —65
~\130 —49)-

vvvvw.commeunjeu.com

Ex 22: The matrix

diagonalises

with

2 0
and D—(O 1).

Calculate the matrix AS.

Answer:

CD @G
(2

2(1)  64(2) +2(—-1)
1(1) 64(2) + 1(—1))

—64+2 128-2
—-64+1 128-1

Ex 23: The matrix

diagonalises
with

Calculate the matrix A3.

Answer:

o) (L)
(15%(2 2
o) (2 )
5)(1 2)
+27(-2) —3(-1) + 27(3))

2 )

+27(— ) —2(—1) 4+ 27(3

—54 3481
—2-54 24381

\./\./ o N — —

-3
-2
—3(1
—-2(1
-3
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C.2 CALCULATING MATRIX POWERS USING
DIAGONALISATION

Ex 24: Consider the matrix A = (i _?)
1. Find the eigenvalues A1 and Ay of matrix A.
2. Find the corresponding eigenvectors x; and Xs.

3. Determine the matrices D, P, and P! such that A =

PDP .
4. Hence, calculate the matrix AS.

Answer:

1. Find Eigenvalues:

det(A —XI) =0
G-=MN1-X)—-(-2)4)=0
—5—B5A+A+A2+8=0

AN —4N+3=0

A=3)(A=1)=0
The eigenvalues are Ay = 3 and Ay = 1.
2. Find Eigenvectors:

e For )\ = 3:

(3 56 6) = G0

20 —2y=0 = z=y. Let x =1, then y = 1.

e For \y = 1: :G>
(32000 = (2)6)-

dr —2y =0 = y =2x. Let z =1, then y = 2.

(1
Xo = 9
3. Find D, P, and P~ ':

30
0 (1)

G2
Calculate P~
det(P) = (1)(2) — (1)(1) =1

()=
PDP

090 B3 )
6 2)(% ()
@ ()
(
-

P!l =

4. Calculate AS:
AS =

1458 -1 —=72941
1458 —2 —729+2

—728
—727
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1457
1456

Ex 25: Consider the matrix B = (le i)

1. Find the eigenvalues A\; and Ae of matrix B.

N

Find the corresponding eigenvectors x; and Xs.

3. Determine the matrices D, P, and P! such that B =
PDP L.

4. Hence, calculate the matrix B*.

Answer:

1. Find Eigenvalues:

det(B — A\I) = 0
4=MA4-2N-1)1)=0
16—8A+A2—-1=0

A —8\+15=0

A=5)(A-3)=0
The eigenvalues are Ay = 5 and Ay = 3.
2. Find Eigenvectors:

e For A\ =5:

(278 (o= (0 ) 0) =

—x+y=0 = y==z. Let x =1, then y = 1.

1
! 1
e For )\ = 3:

(3 )00 = ()0

r4+y=0 = y=—x. Let z =1, then y = —1.

()

3. Find D, P, and P~ !:

o=(03) P=( )

Calculate P~ 1:

o

4. Calculate B*:
B* =PD'P!

1 1 625 0
1 -1 0 81
625 81 1
625

)04

625+ 81 625 — 81
625 — 81 625+ 81

706 544
544 706

353 272)

272 353

1
2
1
2
1
2
1
2
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