
MATRIX DIAGONALISATION

A EIGENVALUES AND EIGENVECTORS

A.1 CALCULATING EIGENVALUES

Ex 1: Find the eigenvalues of the matrix A =

(
2 1
1 2

)
.

Set up the characteristic equation det(A−λI) = 0 and solve the
quadratic equation for λ.

Ex 2: Find the eigenvalues of the matrix B =

(
4 3
2 5

)
.

Calculate (4− λ)(5− λ)− 6 = 0 and use the quadratic formula.

Ex 3: Find the eigenvalues of the matrix C =

(
1 2
3 2

)
.

Set up the characteristic equation det(C − λI) = 0 and solve
using the discriminant.

Ex 4: Find the eigenvalues of the matrix D =

(
3 −2
−1 2

)
.

Calculate (3− λ)(2− λ)− (−2)(−1) = 0 and solve for λ.

Ex 5: Find the eigenvalues of the triangular matrix

E =

(
5 2
0 −3

)
.
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Set up the characteristic equation. Notice that the term bc is
zero, simplifying the calculation immediately.

A.2 FINDING AN EIGENVALUE FROM AN
EIGENVECTOR

Ex 6: Consider the matrix A =

(
1 1
4 1

)
and the vector x =(

1
2

)
.

1. Calculate the product Ax.

2. Hence, determine the eigenvalue λ associated with the
eigenvector x.

Multiply the matrix by the vector. The result should be a
multiple of the original vector x. Identify the factor.

Ex 7: Consider the matrix B =

(
3 −1
−1 3

)
and the vector

u =

(
1
1

)
.

1. Calculate the product Bu.

2. Hence, determine the eigenvalue λ associated with the
eigenvector u.

Multiply the matrix by the vector. The result should be a
multiple of the original vector u. Identify the factor.

Ex 8: Consider the matrix C =

(
2 −1
3 −2

)
and the vector v =(

1
3

)
.

1. Calculate the product Cv.

2. Hence, determine the eigenvalue λ associated with the
eigenvector v.

Multiply the matrix by the vector. The result should be a
multiple of the original vector v. Identify the factor.

A.3 CALCULATING EIGENVECTORS

Ex 9: Consider the matrix A =

(
3 2
2 0

)
.

One of the eigenvalues of this matrix is λ = 4.

Find the eigenvector x =

(
x
y

)
corresponding to this eigenvalue.
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Solve the equation (A − 4I)x = 0. You will get a system of
equations where you can express x in terms of y (or vice versa).

Ex 10: Consider the matrix B =

(
4 1
2 3

)
.

One of the eigenvalues of this matrix is λ = 5.

Find the eigenvector x =

(
x
y

)
corresponding to this eigenvalue.

Solve the equation (B− 5I)x = 0.

Ex 11: Consider the matrix C =

(
5 −1
2 2

)
.

One of the eigenvalues of this matrix is λ = 3.

Find the eigenvector x =

(
x
y

)
corresponding to this eigenvalue.

Solve the equation (C− 3I)x = 0.

A.4 FINDING EIGENVALUES AND EIGENVECTORS

Ex 12: Consider the matrix A =

(
7 −4
8 −5

)
.

1. Find the eigenvalues λ1 and λ2 of matrix A.

2. Find the corresponding eigenvectors x1 and x2.

1) Solve det(A− λI) = 0. 2) For each λ, solve (A− λI)x = 0 to
find the vector.

Ex 13: Consider the matrix B =

(
4 1
1 4

)
.

1. Find the eigenvalues of matrix B.

2. Find the corresponding eigenvectors.

1) Characteristic eq: (4− λ)2 − 1 = 0. 2) Substitute values back
to find vectors.

Ex 14: Consider the matrix C =

(
5 −1
2 2

)
.

1. Find the eigenvalues of matrix C.

2. Find the corresponding eigenvectors.
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1) Characteristic eq: (5 − λ)(2 − λ) − (−2) = 0. 2) Substitute
values back to find vectors.

B MATRIX DIAGONALISATION

B.1 VERIFYING MATRIX DIAGONALISATION

Ex 15: The matrix

A =

(
7 −4
8 −5

)
has eigenvalues λ1 = 3 and λ2 = −1 with corresponding
eigenvectors

x1 =

(
1
1

)
and x2 =

(
1
2

)
.

Show that P = (x1 | x2) diagonalises A.

Form P using the eigenvectors, find its inverse, and calculate
P−1AP to show it equals the diagonal matrix of eigenvalues.

Ex 16: The matrix

A =

(
3 1
2 2

)
has eigenvalues λ1 = 4 and λ2 = 1 with corresponding
eigenvectors

x1 =

(
1
1

)
and x2 =

(
1
−2

)
.

Show that P = (x1 | x2) diagonalises A.

Form P using the eigenvectors, find its inverse, and calculate
P−1AP to show it equals the diagonal matrix of eigenvalues.

Ex 17: The matrix

A =

(
3 −2
1 0

)

has eigenvalues λ1 = 2 and λ2 = 1 with corresponding
eigenvectors

x1 =

(
2
1

)
and x2 =

(
1
1

)
.

Show that P = (x1 | x2) diagonalises A.

Form P using the eigenvectors, find its inverse, and calculate
P−1AP to show it equals the diagonal matrix of eigenvalues.

B.2 PERFORMING FULL MATRIX DIAGONALISATION

Ex 18: Consider the matrix A =

(
4 3
2 −1

)
.

Find the diagonal matrix D, the matrix P and its inverse P−1

such that A = PDP−1.
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Find eigenvalues using quadratic formula. Find eigenvectors.
Form D and P. Invert P.

Ex 19: Consider the matrix B =

(
9 −10
5 −6

)
.

Find the diagonal matrix D, the matrix P and its inverse P−1

such that B = PDP−1.

Find eigenvalues using quadratic formula. Find eigenvectors.
Form D and P. Invert P.

Ex 20: Consider the matrix C =

(
3 2
3 −2

)
.

Find the diagonal matrix D, the matrix P and its inverse P−1

such that C = PDP−1.

Find eigenvalues using quadratic formula. Find eigenvectors.
Form D and P. Invert P.

C MATRIX POWERS

C.1 CALCULATING MATRIX POWERS USING
DIAGONALISATION

Ex 21: The matrix

P =

(
1 1
1 2

)
diagonalises

A =

(
8 −5
10 −7

)
with

P−1 =

(
2 −1
−1 1

)
and D =

(
3 0
0 −2

)
.

Calculate the matrix A4.

Apply the formula A4 = PD4P−1. Calculate D4 first, then
perform the matrix multiplications.

Ex 22: The matrix

P =

(
1 2
1 1

)
diagonalises

A =

(
0 2
−1 3

)
with

P−1 =

(
−1 2
1 −1

)
and D =

(
2 0
0 1

)
.

Calculate the matrix A6.

Apply the formula A6 = PD6P−1. Calculate D6 first (26 = 64
and 16 = 1), then multiply the matrices.

Ex 23: The matrix

P =

(
3 1
2 1

)
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diagonalises

A =

(
−9 12
−8 11

)
with

P−1 =

(
1 −1
−2 3

)
and D =

(
−1 0
0 3

)
.

Calculate the matrix A3.

Apply the formula A3 = PD3P−1. Be careful with the negative
signs when calculating (−1)3.

C.2 CALCULATING MATRIX POWERS USING
DIAGONALISATION

Ex 24: Consider the matrix A =

(
5 −2
4 −1

)
.

1. Find the eigenvalues λ1 and λ2 of matrix A.

2. Find the corresponding eigenvectors x1 and x2.

3. Determine the matrices D, P, and P−1 such that A =
PDP−1.

4. Hence, calculate the matrix A6.

1) Solve characteristic equation. 2) Find vectors for each λ. 3)
Invert P. 4) Use A6 = PD6P−1. Note 36 = 729.

Ex 25: Consider the matrix B =

(
4 1
1 4

)
.

1. Find the eigenvalues λ1 and λ2 of matrix B.

2. Find the corresponding eigenvectors x1 and x2.

3. Determine the matrices D, P, and P−1 such that B =
PDP−1.

4. Hence, calculate the matrix B4.

1) Solve characteristic equation. 2) Find vectors for each λ. 3)
Invert P. 4) Use B4 = PD4P−1.
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