FUNCTION TRANSFORMATIONS

A TRANSLATION

A.1 TRANSLATING GRAPHS VERTICALLY

Ex 1: 2 For the functions f(z) = = and g(z) = x + 3:

1. On the same set of axes, sketch the graphs of f and g. (You
may fill in a table of values for x = —3,—-2,-1,0,1,2,3.)

2. Find the geometrical transformation between these two
graphs.

Answer:

1. Fill in the table of values:

T 3| -2 -1]0(1]2]3
F@) | 3] =2 -1]0]1[2]3
glx) | 0 1 2 |3 516

Plot the points and draw both lines:

y y=z+3

2. The graph of g is obtained by translating the graph of f by

the vector <g

3 units, because g(z) = f(z) + 3.

. This is a vertical translation upward by

Ex 2: ™= For the functions f(z) = 22 and g(z) = 2 + 2:

1. On the same set of axes, sketch the graphs of f and g. (You
may fill in a table of values for x = —3,-2,-1,0,1,2,3.)

2. Find the geometrical transformation between these two
graphs.

Y
10 ¢

Answer:

1. Fill in the table of values:

T 3| -2|-1|01|2| 3
flx) | 9 4 1
g(z) |11 6 | 3 [2]3]6|11
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Plot the points and draw the two parabolas:

Yy
14

y=a2+2

9
y = x°

2. The graph of g is obtained by translating the graph of f by

the vector . This is a vertical translation upward by

0
2
2 units, because g(z) = f(z) + 2.

1422
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Ex 3: For the functions f(x) = T and g(x)

3:

2
1. On the same set of axes, sketch the graphs of f and g. (You
may fill in a table of values for x = —3,—-2,-1,0,1,2,3.)

2. Find the geometrical transformation between these two
graphs.

Answer:

1. Fill in the table of values:

x | -3]-2[-1]0[1] 2 3
Fz) |04]08] 2 |[4]2]08]04
g(z) |34 38| 5 | 7|5 ]|38]34
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Plot the points and draw both curves :

2. The graph of g is obtained by translating the graph of f by

the vector <0 . This is a vertical translation upward by

3
3 units, because g(x) = f(x) + 3.

Ex 4: @ For the functions f(z) = —(x —2)(z+2) and g(z) =
—(z—=2)(z+2)-2:

1. On the same set of axes, sketch the graphs of f and g. (You
may fill in a table of values for x = —3,-2,-1,0,1,2,3.)

2. Find the geometrical transformation between these two
graphs.

51
pul
31
91
14

14
21
—3 4
41
54
—6 4+
74
8l

Answer:

1. Fill in the table of values:

v |-3]-2[-1]0][1] 2] 3
f@) 5] 0 [ 3 [4[3][ 0 |5
gx) | =7 =2 1 [2[1|—=2]-7

Plot the points and draw both parabolas :
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2. The graph of g is obtained by translating the graph of f by 2. The graph of g is obtained by translating the graph of f by

the vector _02 . This is a vertical translation downward the vector (g) This is a horizontal translation to the
by 2 units, car g(z) = f(z) — 2. right by 3 units, because g(z) = f(z — 3).

A.2 TRANSLATING GRAPHS HORIZONTALLY @
Ex 6: 2 For the functions f(z) = 22 and g(z) = (z + 2)%

 — |
Ex 5: @ For the functions f(z) = 22 and g(z) = (z — 3)%: 1. On the same set of axes, sketch the graphs of f and g. (You
may fill in a table of values for x = —4,-3,-2,-1,0,1,2.)

1. On the same set of axes, sketch the graphs of f and g. (You

may fill in a table of values for z = —1,0,1,2,3,4,5.) 2. Find the geometrical transformation between these two
graphs.
2. Find the geometrical transformation between these two
graphs. " E/
9 +
10 ;U' 8+
9+ 71
8+ 64
71 51
6+ pul
5T 3T
4+ 2+
3T 1+
21 —4 -3 -2 -1 0 1 238
1+ —1-
x
-1 0 1 2 3 4 5
1
Answer:
Answer: 1. Fill in the table of values:
1. Fill in the table of values: x 4| -3|-2|-1]0]|1] 2
flx)| 16 | 9 4 1 (0|1 4
p TTo0l112131 4 5 g(z) | 4 1 0 1 41916
fl@y| 1 |01 9116 | 25
glz) | 16 |94 |1[0]| 1 4 Plot the points and draw the two parabolas:

Plot the points and draw both curves:
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2. The graph of g is obtained by translating the graph of f by
the vector (g) This is a horizontal translation to the
2. The graph of g is obtained by translating the graph of f by right by 2 units, because g(z) = f(z — 2).
the vector (_02> This is a horizontal translation to the

left by 2 units, because g(x) = f(x + 2). B DILATION
Ii B.1 DILATING GRAPHS VERTICALLY
EE
Ex 7: 2@ For the functions f(z) = 1 and g(z) =
Tr (w22 : Ex 8: 8 For the functions f(z) = z and g(z) = 2z :

1. On the same set of axes, sketch the graphs of f and g. (You
1. On the same set of axes, sketch the graphs of f and g. (You may fill in a table of values for z = —3, -2, —1,0,1,2,3.)
may fill in a table of values for x = —2,—1,0,1,2,3,4.)

2. Find the geometrical transformation between these two

2. Find the geometrical transformation between these two graphs.
graphs.

7%
6 +

5 —_
5 +
4 +

4 4
3 +
2 4

3 4
1 4

x
2 -3 -2 -1 0 1 2 3

14
—21

1 4
—3
44

t | T
-2 -1 0 1 2 3 4 =51
_6 +
71
Answer:
Answer:

1. Fill in the table of values:
1. Fill in the table of values:

x | 2] -1]0 1] 2 ]3] 4
f@) [ 08 | 2 [ 4 [2]08]04 024
gz) (0240408 2| 4 | 2 | 08

z 3| -2|-1(0|1]2]3
F@) | =3 —2| -1
glx) | =6 | =4 | =2 [0|2]|4|6

o
—
[N}
w

Plot the points and draw both curves : Plot the points and draw both lines :
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7
y=g(z) . y = g(z)

5

g 4

dilation y = f(z) 3
2 dilatatior %4r)

1

1 2 3

2. The graph of g is obtained by vertically stretching (dilating) 2. The graph of g is obtained by vertically stretching (dilating)
the graph of f by a factor of 2, because g(z) = 2f(x). the graph of f by a factor of 4, because g(z) — 4f().

 —|
Ex 9: 28 For the functions f(z) = g and g(x) = 2z : 2

Ex 10: & For the functions f(z) = 22 and g(z) = .

1. On the same set of axes, sketch the graphs of f and g. (You ?
may fill in a table of values for v = —3,-2,-1,0,1, a3') 1. On the same set of axes, sketch the graphs of f and g. (You
may fill in a table of values for x = —3,—-2,—1,0,1, ,3 )
2. Find the geometrical transformation between these two
graphs. 2. Find the geometrical transformation between these two
graphs.
7%
6T Y
s | 10 5
44 o1
31 51
2+ (a
14 67
x 5T
-3 -2 -1 10__ 1 2 3 4]
92 3T
31 21
—4 4 1
=51 -3 -2 -1 P 1 2 3
— 6+
7l
Answer:
Answer:
1. Fill in the table of values:
1. Fill in the table of values:
x | 3] -=2] -1 ]0ol 123 z |—=3]-2]-1]0] 1 2] 3
F@ | 15| 1| 05]0[05]1]15 fl@)| 9 | 4 |1 O] 1 4]9
9@ | 6 | 4] 2102 4] 6 glz) | 45| 2 [05 0] 05245

Plot the points and draw both lines : Plot the points and draw both parabolas :
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dilatation >< =

-3 2 I 1 2 3" 3 -2 -1 0
14

2. The graph of g is obtained by vertically compressing 2. The graph of g is obtained by horizontally compressing the
(dilating) the graph of f by a factor of 1, because g(z) = graph of f by a factor of %, because g(z) = f(2z). A point
%f(x) (x,y) on the graph of f is mapped to (5,y) on the graph of

g. For example, the point (2,4) on f moves to (1,4) on g.

B.2 DILATING GRAPHS HORIZONTALLY

Ex 12: ®= For the functions f(z) = 22 and g(x) = (33)%:

Ex 11: "% For the functions f(z) = z2 and g(z) = (2z)%:
1. On the same set of axes, sketch the graphs of f and g.

1. On the same set of axes, sketch the graphs of f and g.
2. Find the geometrical transformation that maps the graph of

to th h of g.
2. Find the geometrical transformation that maps the graph of J to the graph of g

f to the graph of g.

53
Y
10 5

9T 4+
8 <+

7+ 3T
6 +

5+ 27
4 +

31 1
2 +

| : : : : | z
b -3 -2 -1 0 1 2 3
x
-3 2 -1 0 1 2 3 4
Answer: Answer:
1. Fill in a table of values: 1. Fill in a table of values:
x 2| -1]0|1] 2 -2 -1 10 1 2
f(z) = 22 4 1 ]0f1] 4 f(x) = 1 [o] 1
glz)=02x)2 | 16 | 4 [0]4]16 g(z) = (% ) 1 1025[0[025]1
Plot the points and draw both curves: Plot the points and draw both curves:
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dilatioh x2

1l 2. The graph of g is obtained by reflecting the graph of f
over the z-axis (symmetry about the z-axis) because g(z) =

—f(z).
2. The graph of g is obtained by horizontally stretching the
graph of f by a factor of 2, because g(z) = f(3x). A point
(z,y) on the graph of f is mapped to (2x,y) on the graph

 — |

=

=& . .
of g. For example, the point (1,1) on f moves to (2,1) on Ex 14: For the functions f(z) =z —1and g(z) = —z —1:

g- 1. On the same set of axes, sketch the graphs of f and g. (You
may fill in a table of values for x = —3,-2,-1,0,1,2,3.)
C REFLECTION 2. Find the geometrical transformation between these two
graphs.
C.1 REFLECTING GRAPHS 57
4 +
 — |
Ex 13: 2 For the functions f(z) = 2 —1 and g(z) = —(z —1) 9 1
. Ll
1. On the same set of axes, sketch the graphs of f and g. (You I3 5 1 o0 1 5 35”
may fill in a table of values for x = —3,—-2,-1,0,1,2,3.) -1+
9 1
2. Find the geometrical transformation between these two 31
graphs. al
54
Y
5%
4T Answer:
3 +
9 1 1. Fill in the table of values:
by r | -3[-2[-1J0 1] 273
z fl@)y| —-4|-3]-2|-1]0 1 2
4 - - 0 2
S R i glx)y [ 2 [ 1 |0 |[-1]—2]-3|—-4
9 1
3l Plot the points and draw both lines :
41+
_5
Answer:

1. Fill in the table of values:

1 2 3
T -3 | -2 -1 0 1 2 3
F@) | 4| 3] 2| -1]0] 1 | 2
glx) | 4 3 2 1 [0 —-1]-2 y=g(x)

Plot the points and draw both lines :
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2. The graph of g is obtained by reflecting the graph of f over
the y-axis (symmetry about the y-axis), because g(z) =

f(=x).

D COMBINING TRANSFORMATIONS

D.1 APPLYING COMBINED TRANSFORMATIONS

Ex 15: The graph of y = f(z) is shown. On the same axes,
sketch the graph of y = f(z + 1) — 2.

Answer: The transformation y = f(x + 1) — 2 involves two steps:
1. A horizontal translation of 1 unit to the left (x + 1).
2. A vertical translation of 2 units down (—2).

We apply these transformations to the key points of the original
graph:

o (_27_1) left 1, down 2 (_3,_3)
o (0, 2) left 1, down 2 (_17 O)
o (2’71) left 1, down 2 (1’73)

Plotting the new points gives the transformed graph.

Ex 16: The graph of y = f(x) is shown. On the same axes,
sketch the graph of y = 2f(z — 1).

www.commeunjeu.com 8

/ y= [ ()

} t t t > T

-2 -1 0 \1/2 3 4
1+

Answer: The transformation y = 2f(x — 1) involves two steps,
applied in order:

1. A horizontal translation of 1 unit to the right (x — 1).
2. A vertical stretch by a factor of 2 (2f(...)).

We apply these transformations to the key points:

o (71, 2) right 1 (0, 2) stretch vert by 2 (0’ 4)
o (1’ _1) right 1 (2’ _1) stretch vert by 2 (27 _2)
N (37 1) right 1 (4’ 1) stretch vert by 2 (4’ 2)

Plotting the new points gives the transformed graph.

Ex 17: The graph of y = f(x) is shown. On the same axes,
sketch the graph of y = —f(z) + 1.

Answer: The transformation y = — f(x) 4+ 1 involves two vertical
transformations:

1. A reflection in the z-axis (—f(z)).
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2. A vertical translation of 1 unit up (+1).
We apply these transformations to the key points of the original
graph:

reflect in x-axis

o (—2,-1) (—2,1) 24 (—2,2)

° (0’3) reflect in x-axis (0’73) up 1 (0’ 72)

reflect in x-axis up 1

e (2,-1) (2,1) (2,2)
Plotting the new points gives the transformed graph.
Yy
4 +
3 <+
2 y=—f(z)+1

Ex 18: The graph of y = f(x) is shown. On the same axes,
sketch the graph of y = f(2z) — 1.

Yy
31

2 1

Answer: The transformation y = f(2x) — 1 involves two steps:
1. A horizontal dilation by a factor of £ (f(2z)).
2. A vertical translation of 1 unit down (—1).

We apply these transformations to the key points:

o (747 2) horiz dilation by 1/2 (727 2) down 1 (72, 1)
o (727 71) horiz dilation by 1/2 (717 71> down 1 (717 72)
o (2’_1) horiz dilation by 1/2 (1’_1) down 1 (1’_2)
o (4’ 2) horiz dilation by 1/2 (2’ 2) down 1 (27 1)
Plotting the new points gives the transformed graph.
)
3 4+
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D.2 FINDING EQUATIONS FROM A SEQUENCE OF
TRANSFORMATIONS

Ex 19: Counsider a function y = f(x). Find the equation of the
resulting function, g(x), if the graph of f is transformed by the
following sequence:

1. A reflection in the y-axis.

2. A horizontal stretch by a factor of 2.

Answer: We apply the transformations step-by-step to the initial
function y = f(x).

1. Reflection in the y-axis:
This transformation replaces xz with —x.
becomes: y = f(—z).

The function

2. Horizontal stretch by a factor of 2:
T in the current

The

This transformation replaces x with

function. We apply this to the result from step 1.
x

function becomes: y = f —§>

The final function is g(x) = f (—Z)

Ex 20: Counsider a function y = f(x). Find the equation of the
resulting function, g(z), if the graph of f is transformed by the
following sequence:

1. A vertical stretch by a factor of 3.

2. A reflection in the z-axis.

Answer: We apply the transformations step-by-step to the initial
function y = f(x).

1. Vertical stretch by a factor of 3:
This transformation multiplies the entire function by 3. The
function becomes: y = 3f(x).

2. Reflection in the x-axis:
This transformation multiplies the current function by -1.
We apply this to the result from step 1. The function
becomes: y = —(3f(z)).

The final function is g(x) = —3f(x).

Ex 21: Counsider a function y = f(x). Find the equation of the
resulting function, g(x), if the graph of f is transformed by the
following sequence:

1. A horizontal translation of 5 units to the left.

2. A horizontal compression by a factor of %
Answer: We apply the transformations step-by-step to the initial
function y = f(x).

1. Horizontal translation of 5 units to the left:
This transformation replaces z with (x + 5). The function
becomes: y = f(x +5).

2. Horizontal compression by a factor of %:
This transformation replaces x with 2z in the current
function. We apply this to the result from step 1. The
function becomes: y = f((2x) + 5).

The final function is g(x) = f(2z + 5).


www.commeunjeu.com

	Function Transformations
	Translation
	Translating Graphs Vertically
	Translating Graphs Horizontally

	Dilation
	Dilating Graphs Vertically
	Dilating Graphs Horizontally

	Reflection
	Reflecting Graphs

	Combining Transformations
	Applying Combined Transformations
	Finding Equations from a Sequence of Transformations



