DIFFERENTIAL EQUATIONS

A FUNDAMENTALS OF DIFFERENTIAL
EQUATIONS

A.1 MODELING WITH DIFFERENTIAL EQUATIONS

Ex 1: The rate at which a radioactive substance decays is
proportional to the number of atoms, N(t¢), remaining at time ¢.
This is described by the first-order differential equation:

dN
— = —kN
dt

where k is the positive decay constant.

Radioactive Atom

— @ Sstable Atom

1. Let the initial number of atoms be Ny. State the initial

condition for N(t).

2. Verify that the general solution to this equation is N(t) =
AeFt where A is an arbitrary constant.

3. Use the initial condition to find the particular solution for
the number of atoms.
Answer:

1. Initial Condition: At time ¢ = 0, the number of atoms is
given as Ny. Therefore, the initial condition is N(0) = Np.

2. Verifying the General Solution: We must show that
dN
N(t) = Ae™* satisfies — = —kN.

dt
dN(t) d Rt
dt  dt (Ae™)
= —kAe
= —kN(t)

3. Finding the Particular Solution: We apply the initial
condition N(0) = Ny to the general solution:

N(0) = Ae "
NO =A- 60
A=N,

Substituting this value of A back into the general solution
gives the well-known law of radioactive decay:

N(t) = Noe *

Ex 2: An apple is dropped from rest at a height of 10 meters. Its

vertical position, y(t), is governed by the second-order differential

equation:
d?y
dt?

where ¢ is the constant of gravitational acceleration.

=g

p 74

State the initial conditions for position y(0) and velocity

y'(0).

2. Verify that the general solution to this equation is y(t) =
—1gt? + At + B.

—_

3. Use the initial conditions to find the particular solution for
the apple’s motion.

Answer:

1. Initial Conditions:

e The initial height is 10 meters, so y(0) = 10.
e The apple is dropped "from rest," so its initial velocity
is zero. Thus, y/(0) = 0.

2. Verifying the General Solution: We need to show that
the second derivative of y(t) = —%gt2 + At + B is equal to

—g.
e First  derivative  (velocity): y'(t) =
4 (—1gt?+ At+ B) = —gt + A.
e Second derivative (acceleration): y”(t) = £(—gt +
A) = —g.
The second derivative is indeed —g, so the general solution
is correct.

3. Finding the Particular Solution: We apply the initial
conditions to the general solution and its first derivative.

o Using y(0) = 10:
y(0) = 739(0)2 A0 4+ B — 10— B
o Using 4/(0) = 0:
y'(0)=—9g(0)+ A = 0=A

Substituting A = 0 and B = 10 into the general solution
gives the particular solution:

1
y(t) = —§gt2 +10

Ex 3: Consider a simple RL circuit with a resistor R, an inductor
L, and a constant voltage source E. The current I(¢) in the
circuit is governed by the first-order differential equation:

dl
L— I=F
dt+R
C)E L
R




1. State the initial condition I(0) if the circuit is switched on
at time ¢ = 0.

2. Verify that the general solution to this equation is I(t) =
% + Ae_%t, where A is an arbitrary constant.

3. Use the initial condition to find the particular solution for
the current in the circuit.

Answer:

1. Initial Condition: Before the switch is closed at ¢t = 0,
no current flows. Due to the inductor, the current cannot
change instantaneously. Therefore, the initial current is
zero: I1(0) = 0.

2. Verifying the General Solution: We must show that

R

I(t) = % + Ae™ Tt satisfies L% + RI=E.

dI(t) d(E  _»x E . =
@y I(t) = L— [ = + Ae Tt — 4+ Ae Tt
L= +RI(t) Ldt<R+eL>+R(R+eL)

=L (—ALRe—ff> + E+ ARe 1t

= —ARe I'+ E+ ARe ™ T!
—E

3. Finding the Particular Solution: We apply the initial
condition I(0) = 0 to the general solution:

E E
1(0):§+Ae—%<o> — 0=5+A41

E
A=-=
R

Substituting this value of A back into the general solution
gives the particular solution:

Ex 4: A mass m is attached to a vertical spring. According
to Hooke’s Law and Newton’s Second Law, its displacement y(t)
from the equilibrium position is governed by the second-order
differential equation:

d%y

Mg = Ry

where k is the positive spring constant. This describes Simple
Harmonic Motion.

- - - Equilibrium y =0

Y

1. The mass is pulled down to a position of y = —Agy and
released from rest at ¢ = 0. State the initial conditions for

y(0) and y'(0).

2. Verify that the general solution is y(t) =
Cysin(wt), where w = \/%

constants.

Cy cos(wt) +

and C7,Cy are arbitrary
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3. Use the initial conditions to find the particular solution for
the mass’s motion.

Answer:

1. Initial Conditions: The initial position is given as — Ay,
so y(0) = —Ap. The mass is released "from rest," so its
initial velocity is zero, thus y’(0) = 0.

2. Verifying the General Solution: We must show that
y(t) = Cy cos(wt) + Cy sin(wt) satisfies my” = —ky.

e First derivative (velocity):
y'(t) = —wC sin(wt) + wCs cos(wt)
e Second derivative (acceleration):
Y (t) = —w?C} cos(wt) — w?Cy sin(wt)
= —w?(C cos(wt) + Cysin(wt))
= —wy(t)

e Substitute back into the differential equation, using
w? = k/m:

my" =m(-wy) =m (—;y) = —ky

The equation holds, so the general solution is correct.

3. Finding the Particular Solution: We apply the initial
conditions.

e Using y(0) = —Ap:

y(0) = C1 cos(0) + Cy sin(0)

—Ay = Cl(].) + CQ(O) — C1 = -4
e Using ¢'(0) = 0:

y'(0) = —wC} sin(0) + wCy cos(0)
0= —wC1(0) +w02(1) — 0=wCy; — (3, =0

Substituting C; = —Ap and Cy = 0 gives the particular
solution:
y(t) = —Ag cos(wt)

B SLOPE FIELDS
B.1 SKETCHING SLOPE FIELDS

d
Ex 5: Consider the differential equation d—y =z
T

1. On a set of axes, sketch the slope field for integer coordinates
where —2 <x <2and -1 <y < 1.

2. On your sketch, draw the particular solution curve that
passes through the point (0, —1).

Answer:

1. Sketching the field: We calculate the slope m = z at each
integer x-coordinate. Notice that the slope does not depend
on y, so all segments in the same vertical column will be
parallel.
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_ : — d
o At w = -2, the slope is m = 2. Ex 7: Consider the differential equation d—y =x+y.
x

e At x = —1, the slope is m = —1.
e At 2 =0, the slope is m = 0 (horizontal segments). 1. On a set of axes, sketch the slope field for integer coordinates

e At x =1, the slope is m = 1. where —2 <z <2and —2<y<2.

e At x = 2, the slope is m = 2. 2. On your sketch, draw the particular solution curve that
h h th i 1).

We sketch these segments on the grid. passes through the point (0, 1)

2. Drawing the solution curve: We start at the initial point  Answer:

(0,—1) and draw a smooth curve that is tangent to the .
slope segments. We can see the curve is a parabola opening 1. Sketching the field: We calculate the slope m = = +y

upwards. at each integer point. The slope will be zero along the line
Y= —.
Y

x

\ N S / 2(-1]0[1]2
Y
2101234

\ \ A /s - 1 ]-1 11213

N 7

2 N1 0 /4 0 [2[-1][0][1]2
-1 -3 1-2]1-110 |1

NN S/ 2 [4[3[2][-1]0

We sketch these segments on the grid.

2. Drawing the solution curve: We start at the initial point
(0,1) and draw a smooth curve that is tangent to the slope

d
Ex 6: Consider the differential equation d—y = —y.
x

1. On a set of axes, sketch the slope field for integer coordinates
where —1 <z <1land -2 <y <2. segments.

2. On your sketch, draw the particular solution curve that v
passes through the point (0, 2).

Answer:
1. Sketching the field: We calculate the slope m = —y at N — ¥ / /
each integer y-coordinate. Notice that the slope does not
depend on x, so all segments in the same horizontal row will \ N ¥ Sz
S 4o 1 2
be parallel.
e At y =2, the slope is m = —2. \ A\ 1t —/
e At y =1, the slope is m = —1.
e Aty =0, the slope is m = 0 (horizontal segments along \ \ 2% N -
the x-axis).

e At y = —1, the slope is m = 1.
e At y = —2, the slope is m = 2. C SOLVING BY DIRECT INTEGRATION

We sketch these segments on the grid.

2. Drawing the solution curve: We start at the initial point C.1 SOLVING BY DIRECT INTEGRATION

(0,2) and draw a smooth curve that is tangent to the slope i
segments. We can see the curve is an exponential decay Ex 8: Find the general solution to & _ 32

function.
7 y=z*+C]
\
\ 2X \ Answer: We rearrange and integrate both sides:
dy 2
NoOR N ="
dy = 32° dx

| | _ 2
1 0 1 z /dyf/?)x dx

y=a+C

d
Ex 9: Find the general solution to d—y = 2cos(z) — 1.
x

y:‘?sin(z)forC"

Wwww.commeunjeu.com 3


www.commeunjeu.com

Answer: We rearrange and integrate both sides: Let w = 22 + 2. Then dﬂ = 2z, which implies zdz = ldu
. , 5 AU

x
d Substituting this into the integral:
Y
T 2cos(z) — 1
x

Lo
dy = (2cos(z) — 1) dz Y= ) w2 2™

1
/dy: /(2005(:1:) —1)dz = 5/u”du

y=2sin(z) —z+C 1<U1>+C

2\ -1

1
: . dy _ 5 =5 tC
Ex 10: Find the general solution to il . 2u .
x
=———7—+C
1 22 12)
y= 562“3 +C

C.2 FINDING PARTICULAR SOLUTIONS BY
INTEGRATION
Answer: We rearrange and integrate both sides:

d
Ex 13: Find the particular solution to & _ 322 that passes

dy o2e dx
de through the point (1, 3).
dy = e** dx
/ dy = / e?® dx
Answer: First, we find the general solution by integration:
Ly
= — €z C
yTRe T W _ 342
dz
_ 2. _ .3
' ' dy 9 y—/?)x dx =2"+C
Ex 11: Find the general solution to T 1 5
* T Now, we use the initial condition y(1) = 3 to find C:
y=In(l+2*)+C 3=(1)°+C
3=14+C = C=2
Answer: We rearrange and integrate both sides: The particular solution is y = 2% + 2.
d
dy 2 Ex 14: Find the particular solution to d—y = 2cos(x) — 1 given
29— x
dz 1+ 2?2 the initial condition y(7/2) = .
J 2x d 3
y=-——"Fdu

1+ a2 y:QSin(x)forifQ

2x 2
/dy—/mdx

9 Answer: The general solution is y = 2sin(x) — 2 + C. We use the
y=hl+27)+C initial condition y(mw/2) = 7:

(Note: The integral is of the form [ @) gy — In |f(z)|+C. Since 7= 2sin(r/2) —7/2+C

f(=)
1+ 22 > 0 for all z, the absolute value is not needed.) m=201)-7/2+C
T=2-7/2+C

d
Ex 12: Find the general solution to i A L. 3n/2—-2=C
d (22 +2)2
The particular solution is y = 2sin(z) — z + 3% — 2.
_ 1 C dy
y=- 2(z% + 2) + Ex 15: Find the particular solution to —~ = e?* given that the
solution curve passes through (0, 5).
Answer: We rearrange and integrate both sides. The integral on y = 1 2 4 9
the right requires a substitution. 2 2
dy T Answer: The general solution is y = %eh + C. We use the initial
dr (22 +2)2 condition y(0) = 5:
x
- 1
dy (.I‘Q + 2)2 dx 5= 562(0) + C
z 1 9
dy= | ——=d i -2
/y (@422 5=3()+C = =3
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The particular solution is y = %62’” + %. Answer: We rearrange by separating the variables and then

d 9 integrate both sides:
Ex 16: Find the particular solution to d—y = 152 for which
x x dy
0) = 3. dy _ 3
y(0) oy =Y
1
y:ln(1+x2)+3 —dy=xzdx
Answer: The general solution is y = In(1 + 22) + C. We use the /y_3 dy = /mdx
initial condition y(0) = 3:
y2 g2
3= In(1+02) +C R
3=In(1)+C y 2= —2% - 20,

3=04+C = C=3
Letting C = —2C1, the general solution is 32 = —22 + C.
The particular solution is y = In(1 + z2) + 3.

d
dy " Ex 20: Find the general solution to ﬁ =xe Y.

Ex 17: Find the particular solution to —= = m given
1
that y(0) = —3. eY = %xQ +C
1 1
Y= ~—"57 219 7
222 +2) 4 Answer: We rearrange by separating the variables and then
. integrate both sides:
Answer: The general solution is y = —m + C. We use the dy o
initial condition y(0) = —1/2: dr ~ ev
1 1 o eYdy =xdx
- = 4
2 2(02+2) /eydy:/xdx
1 1
——=—_4C 1
2 4 eV =-2*+C
1 1 1 2
“TetiT g
This is the general solution in implicit form.
1 1
. onisy— 1 d
The particular solution is y 2(z24+2) 4 Ex 21: Find the general solution to x2d—y =u.
x
D SOLVING BY SEPARATION OF y = C
VARIABLES
Answer: We rearrange by separating the variables and then
d 1 d
Ex 18: Find the general solution to Y2 at %
de gy dr =z
1 1
1 _
Answer: We rearrange by separating the variables and then / —dy = / x % d
integrate both sides: y 1 ,
Inly|=—-2""4+C
@ — 1 |y| — e—l/rc—&-C”
de vy Sy
ydy = dzx ly| = e e /"
y=Ce
/ydy = /dx
Ly
Q¥ =7 +CG D.2 FINDING PARTICULAR SOLUTIONS BY
y? =22 + 20, SEPARATION
. _ S d 1
Letting C' = 2}, the general solution is y 2z +C. Ex 22: Find the particular solution to d—y = — that passes
d z Y
Ex 19: Find the general solution to d—y = 215 through the point (4, 3).
x
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Answer: First, we find the general solution by separating variables
and integrating:

dy 1
dr vy
ydy = dx
/ ydy = / dx

1

§y2 =12+0C; = y*=20+C

Now, we use the initial condition y = 3 when x = 4 to find C:
(3> =2(4)+C
9=84+4C = C=1
The implicit particular solution is y? = 22 + 1. Since the initial

condition specifies a positive y-value (y = 3), we take the positive
square root to find the explicit solution:

y=+v2zuzxr+1

d
Ex 23: Find the particular solution to & _ 2y given the initial

dz
condition y(0) = 1.

1
V1—22

Answer: First, we find the general solution:

y:

dy_
dx

/y_3dy:/xdaj
-2 2
%:%4-01 = y 2=—2?+C

Now, we use the initial condition y(0) =1 to find C:
(1) 2 =—(032+C = C=1

The particular solution is y—

1
V1—22

2 = —22 4+ 1, which can be written

as — = 1 — a2

7 ,0r Yy = (taking the positive root since

y(0) is positive).

d
Ex 24: Find the particular solution to s A given that

the solution curve passes through (0, 0).

1
Yy = ln(§x2 +1)

Answer: First, we find the general solution:

y_ =
dr  ev
/ey dy = /xdm
1
eV = 5:1:2 +C
Now, we use the initial condition y(0) = 0 to find C:
1
! =50°+C = 1=C

The implicit particular solution is eV = %mQ + 1. The explicit
solution is y = In (%x2 + 1).

d
Ex 25: Find the particular solution to xzd—y = y for which
T
y(1) = 3.
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Answer: First, we find the general solution:

dy _y

de 22

1
/fdy:/x%dx
Y

Inly| = -2+
y = Ae /" (where A = +e°1)

Now, we use the initial condition y(1) = 3 to find A:
3=Ae /1
3=Ae! = A=3¢

Substituting this value of A gives the particular solution:

Yy = (36)6_1/”3 =3¢l 1/

E APPROXIMATING SOLUTIONS WITH
EULER'S METHOD

E.1 APPLYING EULER’'S METHOD

E)
GICT:
0]

d
Ex 26: =2 Consider the differential equation d—y = y with the
i

initial condition y(0) = 1.Using Euler’s method with a step size
of h = 0.5, find approximations for y(0.5), y(1.0), and y(1.5).

o y(0.5) ~
e y(1.0) =
e y(1.5) =

Answer: We are given the initial point (zo,y0) = (0,1), a step
size h = 0.5, and the function f(x,y) = y. We use the iterative
formula

Yn+1 = Yn +h- f(xnvyn)
Yn+1 = Yn + 0~5(yn) = 1.5y,

e Step 1: Find an approximation for y(0.5)
Here, n = 0. We use (x,y0) = (0, 1).

y1 = yo + 0.5(y0)
=1+0.5(1)
—15

Thus, y(0.5) ~ 1.5.

e Step 2: Find an approximation for y(1.0)
Here, n = 1. We use the previous result, (x1,y1) = (0.5,1.5).

y2 = y1 + 0.5(y1)
= 1.5+ 0.5(1.5)
=15+0.75 = 2.25

Thus, y(1.0) =~ 2.25.
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e Step 3: Find an approximation for y(1.5)
Here, n = 2. We use the previous result, (x2,y2) =
(1.0,2.25).
Y3 = Y2 + 0.5(y2)
= 2.25+4 0.5(2.25)

=2.25+41.125 = 3.375
Thus, y(1.5) ~ 3.375.

E
GIEL:
6]

d
Ex 27: 23 Consider the differential equation d—y =1 —y with
x

the initial condition y(0) = 1.
Using Euler’s method with a step size of h =
approximations for y(0.5), y(1.0), and y(1.5).

e y(0.5) =
e y(1.0) ~
e y(1.5) =

Answer: We are given the initial point (zg,y0) = (0, 1), a step size
h = 0.5, and the function f(z,y) = x —y. We use the iterative
formula

0.5, find

Yn+1l = Yn + h - f(xnayn)
Yn+1 = YUn + 05(1"0 - y")

e Step 1: Find an approximation for y(0.5)
Here, n = 0. We use (x9,y0) = (0, 1).

Y1 = Yo + 0.5(x0 — yo)
— 14050 1)
=0.5

Thus, y(0.5) = 0.5.

e Step 2: Find an approximation for y(1.0)
Here, n = 1. We use the previous result, (z1,y1) = (0.5,0.5).

ya =y +0.5(x1 —y1)
=0.5+0.5(0.5-0.5)
=0.5

Thus, y(1.0) ~ 0.5.

e Step 3: Find an approximation for y(1.5)
Here, n = 2. We use the previous result, (x2,y2) = (1.0,0.5).

ys = y2 + 0.5(z2 — y2)
— 0.5+ 0.5(1.0 — 0.5)
=0.75

Thus, y(1.5) =~ 0.75.

[}
EHE;
6]

d
Ex 28: B Consider the differential equation d—y —y = yz?
x

with the initial condition y(0) = 1.Using Euler’s method with
a step size of h = 0.2, find approximations for y(0.2), y(0.4),
and y(0.6). Round your answers to four decimal places where
necessary.

e y(0.2) =
e y(04) ~
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. y(0.6) ~

d
Answer: First, we rearrange the differential equation to isolate d—y:
x
dy 2 2
— =yt+yr =y(l+zx
7 — Yty =yl )

We are given the initial point (zg,y0) = (0,1), a step size h =
0.2, and the function f(x,y) = y(1 + 22). We use the iterative
formula:

Yn+1 = Yn +h- f(mnayn)
Ynt1 = Yn + 0.2y, (1 + Z‘i)

e Step 1: Find an approximation for y(0.2)
Here, n = 0. We use (xq,y0) = (0, 1).

Y1 =yo +0.2-yo(1 + x2)
=1+40.2-1(1+0%
=1+02=1.2

Thus, y(0.2) ~ 1.2.

e Step 2: Find an approximation for y(0.4)
Here, n = 1. We use the previous result, (z1,y1) = (0.2,1.2).

y2=y1+0.2-y1(1+27)
=1.240.2-(1.2)(140.2%)
= 1.2 +0.24(1.04)
= 1.2 + 0.2496 = 1.4496

Thus, y(0.4) ~ 1.4496.

e Step 3: Find an approximation for y(0.6)
Here, n = 2. We use the previous result, (x2,y2) =
(0.4, 1.4496).

ys =y2 + 0.2 y2(1 + 23)
= 1.4496 4 0.2 - (1.4496)(1 + 0.4%)
= 1.4496 + 0.28992(1.16)
= 1.4496 + 0.3363072 ~ 1.7859

Thus, y(0.6) ~ 1.7859.
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