BINOMIAL EXPANSION

A BINOMIAL EXPANSION FOR n = 2 AND
n=3

A.1 EXPANDING PERFECT SQUARE BINOMIALS
(ADDITION)

Ex 1: Expand and simplify

(x+2)?=|2?+4x+4

Answer: In the perfect squares expansion, we substitute a = x and
b=2:
(r4+2)? =02 +2x 0 x2+22

=z’ +4x+4

Ex 2: Expand and simplify

(3+2)? =9+ 6z + 22

Answer: In the perfect squares expansion, we substitute a = 3 and
b=ua:
(B+2)2=324+2x3x s +a?

=22+ 6x+9

Ex 3: Expand and simplify

(2 +1)% = |42® + 42 + 1

Answer: In the perfect squares expansion, we substitute a = 2z
and b= 1:

(204 1)2 = (20)2 +2 x 20 x 14 (1)?
:22x2+4m+1

=42 + 42+ 1

Ex 4: Expand and simplify

(2 +3x)% = |4+ 122 + 922

Answer: In the perfect squares expansion, we substitute a = 2 and
b= 3z:

(24 32)% =22 +2 x 2 x 30 + (31)?
=4+ 12z + 3%?

=972+ 122 + 4

A.2 EXPANDING PERFECT SQUARE BINOMIALS
(SUBTRACTION)

Ex 5: Expand and simplify

- =[Pt ]

Answer: In the perfect squares expansion, we substitute a = = and
b=2:
(r—=2)2 =02 —2x 0 x2+2°

=z? —4dx+4

Ex 6: Expand and simplify

(3—a)* =962 +a?]

Answer: In the perfect squares expansion, we substitute a = 3 and

b=ux:
(B3—1)?2=32-2x3x1+4?

=22 —-6x+9

Ex 7: Expand and simplify

(22 —1)% = |42® — 4z +1

Answer: In the perfect squares expansion, we substitute a = 2x
and b= 1:
(20 =1)% = (22)* = 2
=42? — 4 +1

x 14 (1)?

Ex 8: Expand and simplify

(2—3z)? =4 — 12z + 922

Answer: In the perfect squares expansion, we substitute a = 2 and

b= 3x:
(2—32)2 =22 =2 x 2 x 30+ (32)?
=922 - 120+ 4
A.3 EXPANDING PERFECT CUBE BINOMIALS

(ADDITION)

Ex 9: Expand and simplify

(:c+1)3:\:c3+3x2+3x+1

Answer: In the perfect cubes expansion, we substitute a = z and

b=1:
(r+1P =03 4+3x22x1+3xax12413

=23 +322+3x+1

Ex 10: Expand and simplify

(x+3)3:‘x3+9m2+27x+27

Answer: In the perfect cubes expansion, we substitute a = = and

b=3:
(r+3)P3 =0 4+3x0?x3+3x0x3>433

=23 4+ 922 + 27z 4 27

Ex 11: Expand and simplify

(20 +2)° = |82® + 242 + 24 + 8|

Answer: In the perfect cubes expansion, we substitute a = 2x and
b=2:

(20 +2)* = (20)* +3 x (20)? x 24+ 3 x
= 8z3 + 2422 + 242 + 8

x (2)% 4 (2)?

Ex 12: Expand and simplify

(20 +3)% = | 82° + 362 + 54 + 27

Answer: In the perfect cubes expansion, we substitute a = 2x and
b=3:

(20 43)% = (20)% + 3 x (20)® x 34+ 3 x
= 823 + 3622 + 54w + 27

x (3)* + (3)°



A.4 EXPANDING PERFECT CUBE BINOMIALS
(SUBTRACTION)

Ex 13: Expand and simplify

(x71)3:‘x373x2+3:1371‘

Answer: In the perfect cubes expansion, we substitute a = z and
b= (-1):

(r+ (1) =03 4+3x a2 x (-1)+3x
=2 322 +3z—1

x ((=1)) +((-1))°

Ex 14: Expand and simplify

(a:—2)3=‘x3—6x2—|—12x—8‘

Answer: In the perfect cubes expansion, we substitute a = z and
b=(-2):

(14 (=2)* =03 +3x 22 x (—2) +3 x
=2° — 622+ 120 -8

x (=2)* + (-2)°

Ex 15: Expand and simplify

(3—.%‘)3:‘27—27.%‘—}—9.%‘2—333‘

Answer: In the perfect cubes expansion, we substitute a = 3 and
b= (—x):

(34 (—2))* =37+ 3 x 3% x (~2) + 3
=27 —27x 4 922 — 23

x ((=2))* + ((-2))?

Ex 16: Expand and simplify

(20— 1) = |82° — 1207 4 62 — 1 |

Answer: In the perfect cubes expansion, we substitute a = 2x and

b=(-1):
(204 (=1))* = (20)° +3 x
=8z% — 1222 + 62 — 1

B PASCAL'S TRIANGLE

B.1 BUILDING PASCAL’'S TRIANGLE

Ex 17: Write down the first five rows of Pascal’s triangle.

Answer:
1 1 row 1
1 2 1 row 2
1 3 3 1 row 3
1 4 6 4 1 row 4
1 5 10 10 5 1 Tow 5

Ex 18: Write down the first six rows of Pascal’s triangle.

Answer:
1 1 row 1
1 2 1 row 2
1 3 3 1 row 3
1 4 6 4 1 row 4
1 5 10 10 5 1 row 5
1 6 15 20 15 6 1 row 6
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2 (1) +3x 20 x (1) + ((—

B.2 USING THE FOURTH ROW OF PASCAL'S
TRIANGLE

Ex 19: Use Pascal’s triangle to find the coefficients of the
expansion of (a + b)*, then expand and simplify.

Answer: From the 4th row of Pascal’s triangle, the coefficients are
1, 4, 6, 4, 1.

So
(a+b)* = a* + 4a®b + 6a%b* + 4ab® + b*.

Ex 20: Use Pascal’s triangle to expand and simplify:

(x—1)4:‘m4—4x3+6x2—4x+1

Answer: From the 4th row of Pascal’s triangle, the coefficients are
1, 4, 6, 4, 1.

So
(x —1)* = 2* — 4% + 627 — 4z + 1.

Ex 21: Use Pascal’s triangle to expand and simplify

(22— 1)% = | 162" — 322% + 242> — 83 + 1|

Answer: Using the coefficients 1,4,6,4,1 from the 4th row:

2z —1)*=1-22)* +4-(22)*(=1) +6 - (22)%(—1)*
+4-22)(=1)3 +1-(=1)*
= 16z* — 3223 + 2422 — 8z + 1.

B.3 USING THE FIFTH ROW OF PASCAL’S TRIANGLE

Ex 22: Use Pascal’s triangle to find the coefficients of the
i}){g)@nsion of (a + b)?, then expand and simplify.

Answer:
1 1 row 1
1 2 1 row 2
1 3 3 1 row 3
1 4 6 4 1 row 4
1 5 10 10 5 1 row 5

From the 5th row of Pascal’s triangle, the coefficients are
1, 5, 10, 10, 5, 1.
So

(a4 b)° = a® + 5a*b + 10a>b* + 10ab> + 5ab* 4 b°.

Ex 23: Use Pascal’s triangle to expand and simplify:

(@4 1)° = | + 52" + 102 + 102 + 52 + 1

Answer: From the 5th row of Pascal’s triangle, the coefficients are
1, 5, 10, 10, 5, 1.

So
(z+1)° = 2° + 5z* + 102® + 102 + 52 + 1.

Ex 24: Use Pascal’s triangle to expand and simplify:
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5 __ 5 4 3 2
(z—1) —‘33 — 52" + 102" — 102" + 52 — 1 C.2  EVALUATING FACTORIALS WITH A

CALCULATOR
Answer: From the 5th row of Pascal’s triangle, the coefficients are
1, 5, 10, 10, 5, 1. @
Ex 30: 22 Evaluate:
Because of the minus sign in (z — 1), the signs of the terms will
alternate: 7! = [5040
(2= 1" = 1(x)*(=1)° + 5(2)* (=1)" +10(2)*(—=1)* + 10(2)*(=1)° %,5(#) ntdr 71 Hedhbchloulator.
= 2° — 52" + 102° — 102 + 5z — 1. @
Ex 31: 22 Evaluate:
Ex 25: Use Pascal’s triangle to expand and simplify: gl
— =[6720
(2—x)° = \ —2° +102* — 402® + 8022 — 80z + 32 3!

8! -
Answer: From the 5th row of Pascal’s triangle, the coefficients are Answer: Enter 5; in the calculator.

1, 5, 10, 10, 5, 1.
Ex 32: ¥ pyaluate:
N .
— =84
(2—2)®=2°"—5-2%+10- 2522 — 10 - 2223 + 5 22* — 47, 316!
which simplifies to Answer: Enter % in the calculator.
(2 —2)% = —2° + 102* — 402> + 802% — 80z + 32. @
Ex 33: 22 Evaluate:
20
C THE BINOMIAL THEOREM (17) = [1140
Answer:

C.1 EVALUATING FACTORIALS WITHOUT A
CALCULATOR . (2 20! 20!

) = 17120 — 17)! ~ 1713

Ex 26: Evaluate:

Ent 20, t lculat
e Enter in the calculator.
31 =[6] 1713!
Answer: =
3I1=3x2x1 I%}
Ex 34: Evaluate:

(10) =

Ex 27: Evaluate:

4! : Answer:
. ()= 15 15!
Answer: 10 10'(15 — 10)' 10!5!

4'=4x3x2x1
=24 e Enter

Toia! in the calculator.

Ex 28: Evaluate:
5 = C.3 EXPRESSING PRODUCTS IN FACTORIAL FORM

Ex 35: Express in factorial form:

Hl=bx4x3x2x1
190 4><3><2><1_4!
- 2x1 2

Answer:

Ex 29: Evaluate:

Answer:
4x3x2x1 4
6! =720 oo e =
71 32
Answer: Ex 36: Express in factorial form:

6/l =6xbx4x3x2x1

=720 4!
4x3!
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Answer:

4><3:4><3><

41
T2

Ex 37: Express in factorial form:

5x4x3x2x1_i!
3x2x1 13!

5><4><3><2><1_5!
3x2x1 Y

Answer:

Ex 38: Express in factorial form:

5!
5><4:!

5><4::5><4><

Answer:

5!
~ 3

Ex 39: Express in factorial form:

7><6><5><4><3><2><1_7!
4x3x2x%x1 A

7><6><5><4><3><2><1_1!
4x3x2x1 4!

Answer:

Ex 40: Express in factorial form:

7!
7><6><5=!

7X6X%X5Hx

Answer:

TX6x5=

7!
T

C.4 EVALUATING FACTORIALS BY SIMPLIFICATION

Ex 41: Evaluate

Answer:

5!
~ 30!
_5><4><M

T 3x2xTx2x1
_5><4

Ex 42: Evaluate
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Answer:

(5) - a6-w

6!
T2
66X 5 x4x3x2%T
4 x3%9x1Ix2x1
_ 6x5
T 2x1
=15
Ex 43: Evaluate
7
(3) -z
Answer:
NN 7
(9"mw—2ﬂ
7!
= 215!
_ TxX6x5x4%3xIX]L
S 2x1Ix5x4%3xIN]
_Tx6
C2x1
=21
Ex 44: Evaluate
7
(1) -z
Answer:
N T
(O__MU—4N
7!
VIE]]
T x6x5x4x3x2%]T
4 x3xIXIx3x2x1
_Tx6x5
T 3x2x1
_TXB x5
i
=7x5
=35

C.5 FINDING A SPECIFIC TERM IN AN EXPANSION

|
Ex 45: ™ Find the coefficient of 2 in the expansion of (z—1)°.

—-20

Answer: From the binomial theorem,

(@ —1)° = zﬁj (Z)xﬁ—k(_nk.

k=0

The general term is
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In this term, the power of x is 6 — k. We want 6 — k = 3, so
k = 3.Thus the term in 23 is

Ty = <§>x3(—1)3 =202 (1) = —202°.

So the coefficient of 23 is —20.

[ ]
EE:
B8 Find the coefficient, of 2° in the expansion of (2z +

Answer: From the binomial theorem,

2z +3)" = 27: (Z) (2z)7F3F

k=0

Ex 46:
3)7.

The general term is

Ty, = (Z) (22)7F3".

In this term, the power of x is 7 — k. We want 7 — k = 5, so
k = 2.Thus the term in 2° is

T, = (;) (22)°32

7
= (2)-25~32x5

=21-32-92°
= 60482°
So the coefficient of 2% is 6048.
Ex 47: Find the constant term (term independent of ) in the

6
) 1
expansion of (ac + ) .
x

Answer: From the binomial theorem,

() -2 ()

The general term is

The exponent of x is 6 — 2k. For the constant term we need
6—2k=0,s0 k=3.
Thus the constant term is
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So the constant term in the expansion is 20.

E
GG,
0]

Ex 48: % Find the coefficient of * in the expansion of (3z —

2)7.

Answer: From the binomial theorem,

7
(Br-27=3" (Z) (32)™*(=2)".

k=0

The general term is

Ty = (Z) (3z) 7 (=2)".

In this term, the power of x is 7 — k. We want 7 — k = 4, so
k = 3.Thus the term in z* is

Ts = (;) (32)*(—2)?

(1) o

=35-81-(—8)2*
= —22680z".

So the coefficient of z* is —22680.

Ex 49: ¥ Find the constant term (term independent of x) in

1\ 6
the expansion of <2x — ) .
x

Answer: From the binomial theorem,

(o-2) -2 (e ()

The general term is

e (e (2]

— (2) 267k(_1)kx67kx7k

= (Z) 26k (—1)kaS %k,

The exponent of z is 6 — 2k. For the constant term we need
6 — 2k = 0, so k = 3.Thus the constant term is

T3 — (g) 2673(_1)3‘%672'3

= (g) 2%(—1)32°

=20-8-(—1)
= —160.

So the constant term in the expansion is —160.
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C.6 DERIVING IDENTITIES FROM THE BINOMIAL
THEOREM

Ex 50:

1. Show that
n

o= () (Yor (D eteen (7 s (7)o

2. Hence deduce that: 2.
0000
0 ()-()+(

Answer:

3
N—
|
+
|
N
3
N
S 3
N—— +

1. From the binomial theorem (with a =1, b = ), we have

(-
- (0) n (T)H (2) - ()

2. (a) Substituting z = 1 gives
e = (o) (D (5)ee s (O
2= (o) + (1) + () ++ ()

(b) Substituting z = —1 gives

(1+2)" =

Ex 51:

1. By differentiating the binomial expansion of (1 4+ x)", show

that
<Z) zh1
2. Hence, deduce that:

() o0) ) oo) -

n(l+x)" ! = i k

k=1

Answer:

1. We start with the binomial expansion:

(1 +2)" = (0) . (’;)H (2) - ()
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Differentiating both sides with respect to x:

oo =)+ (e )7+ + ()
()i en (e

To find the required sum, we substitute z = 1 into the
identity from part (1):

n(l+1)" ! = ki:_lk(D (1)F1
= (1) e2(3) wa(3) ()
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